Abstract. This paper considers the problem of minimizing the ordered weighted average (or ordered median) function of finitely many rational functions over compact semi-algebraic sets. Ordered weighted averages of rational functions are not, in general, neither rational functions nor the supremum of rational functions so that current results available for the minimization of rational functions cannot be applied to handle these problems. We prove that the problem can be transformed into a new problem embedded in a higher dimension space where it admits a convenient representation. This reformulation admits a hierarchy of SDP relaxations that approximates, up to any degree of accuracy, the optimal value of those problems. We apply this general framework to a broad family of continuous location problems showing that some difficult problems (convex and non-convex) that up to date could only be solved on the plane and with Euclidean distance, can be reasonably solved with different p-norms and in any finite dimension space. We illustrate this methodology with some extensive computational results on location problems in the plane and the 3-dimension space.
Introduction
Weighted Averaging (OWA) or Ordered Median Function (OMF) operators provide a parameterized class of mean type aggregation operators (see [25, 44] and the references therein for further details). Many notable mean operators such as the max, arithmetic average, median, k-centrum, range and min, are members of this class. They have been widely used in location theory and computational intelligence because of their ability to represent flexible models of modern logistics and linguistically expressed aggregation instructions in artificial intelligence ( [25] and [39, 40, 41, 42, 43, 44] ). Weighted averages (or ordered median) of rational functions are not, in general, neither rational functions nor the supremum of rational functions so that current results available for the minimization of rational functions are not applicable. In spite of its intrinsic interest, as far as we know, a common approach for solving this family of problems is not available. Nevertheless, one can find in the literature different methods for solving particular instances of problems within this family, see e.g. [5, 6, 14, 25, 26, 27, 28, 29, 30, 31, 32, 34] . The first goal of this paper is to develop a unified tool for solving this class of optimization problems. In this line, we prove that the general problem can be transformed into a new problem embedded in a higher dimension space where it admits a convenient representation that allows to arbitrarily approximate or to solve it as a minimization problem over an adequate closed semi-algebraic set. Hence, our approach goes beyond a trivial adaptation of current theory.
Regarding the applications, it is commonly agreed that ordered median location problems are among the most important applications of OWA operators. Continuous location has achieved an important degree of maturity. Witnesses of it are the large number of papers and research books published within this field. In addition, this development has been also recognized by the mathematical community since the AMS code 90B85 is reserved for this area of research. Continuous location problems appear very often in economic models of distribution or logistics, in statistics when one tries to find an estimator from a data set or in pure optimization problems where one looks for the optimizer of a certain function. For a comprehensive overview the reader is referred to [4] or [25] . Despite the fact that many continuous location problems rely heavily on a common framework, specific solution approaches have been developed for each of the typical objective functions in location theory (see for instance [4] ). To overcome this inflexibility and to work towards a unified approach to location theory the so called Ordered Median Problem (OMP) was developed (see [25] and references therein). Ordered median problems represent as special cases nearly all classical objective functions in location theory, including the Median, CentDian, center and k-centra. More precisely, the 1-facility ordered median problem in the plane can be formulated as follows: A vector of weights (λ 1 , . . . , λ n ) is given. The problem is to find a location for a facility that minimizes the weighted sum of distances where the distance to the closest point to the facility is multiplied by the weight λ n , the distance to the second closest, by λ n−1 , and so on. The distance to the farthest point is multiplied by λ 1 . Many location problems can be formulated as the ordered 1-median problem by selecting appropriate weights. For example, the vector for which all λ i = 1 is the unweighted 1-median problem, the problem where λ n = 1 and all others are equal to zero is the 1-center problem, the problem where λ 1 = . . . = λ k = 1 and all others are equal to zero is the k-centrum. Minimizing the range of distances is achieved by λ 1 = 1, λ n = −1 and all others are zero. Despite its full generality, the main drawback of this framework is the difficulty of solving the problems with a unified tool. There have been some successful approaches that are now available whenever the framework space is either discrete (see [2, 22, 30] ) or a network (see [11] , [12] or [24] ). Nevertheless, the continuous case has been, so far, only partially covered. There have been some attempts to overcome this drawback and there are nowadays some available methodologies to tackle these problems, at least in the plane and with Euclidean norm. In Drezner [3] and Drezner and Nickel [5, 6] the authors present two different approaches. The first one uses a continuous branch and bound method based on triangulations (BTST) and the second one on a D-C decomposition for the objective function that allow solving the problems on the plane. More recently, Rodriguez-Chia et al. [34] also address the particular case of the k-centrum problem and using geometric arguments develop a better algorithm applicable only for that problem on the plane and Euclidean distances.
Quoting the conclusions of the authors of [5] : "All our experiments were conducted for Euclidean distances. As future research we suggest to test these algorithms on problems (even the same problems) based on other distance measures. (...) Solving k-dimensional problems by a similar approach requires the construction of k-dimensional Voronoi diagrams which is extremely complicated."
Therefore, the challenge is to design a common approach also to solve the above mentioned family of location problems, for different distances and in any finite dimension. This is essentially the second goal of this paper. In our way, we have addressed the more general problem that consists of the minimization of the OWA operator of a finite number of rational functions over closed semialgebraic sets that is the first goal of this paper. Thus, our second goal is to solve a general class of continuous location problems using the general approach mentioned above for the minimization of OWA rational functions and to show the powerfulness of this methodology. Of course, we know that the problem in its full generality is N P − hard since it includes general instances of convex minimization. Therefore, we cannot expect to obtain polynomial algorithms for this class of problems. Rather, we will apply a new methodology first proposed by Lasserre [16] , that provides a hierarchy of semidefinite problems that converge to the optimal solution of the original problem, with the property that each auxiliary problem in the process can be solved in polynomial time.
The paper is organized in 5 sections. The first one is our introduction. In the second section and for the sake of completeness, we recall some general results on the Theory of Moments and Semidefinite Programming (SDP) that will be useful in the rest of the paper. Section 3 considers what we call the MOMRF problem which consists of minimizing the ordered median function of finitely many rational functions over a compact basic semi-algebraic set. In the spirit of the moment approach developed in Lasserre [16, 18] for polynomial optimization and later adapted by Jibetean and De Klerk [10] , we define a hierarchy of semidefinite relaxations (in short SDP relaxations). Each SDP relaxation is a semidefinite program which, up to arbitrary (but fixed) precision, can be solved in polynomial time and the monotone sequence of optimal values associated with the hierarchy converges to the optimal value of MOMRF. Sometimes the convergence is finite and a sufficient condition permits to detect whether a certain relaxation in the hierarchy is exact (i.e. provides the optimal value), and to extract optimal solutions (theoretical bounds on the relaxation order for the exact results can be found in [35, 36] ). Section 4 considers a general family of location problems that is built from the problem MOMRF but which does not actually fits under the same formulation because the objective functions are not quotients of polynomials. Nevertheless, we prove that under a certain reformulation one can define another hierarchy of SDP that fulfils convergence properties 'à la Lasserre'. This approach is applicable to location problems with any p -norm (p ∈ Q) and in any finite dimension space. We exploit the special structure of these problems to find a block diagonal reformulation that reduces the sizes of the SDP relaxations and allows to solve larger instances.
Our computational tests are presented in Section 5. We analyze five families of problems, namely, Weber, center, k-centrum, trimmed-mean and range. There we show that convergence is rather fast and very high accuracy is achieved in all cases, even with the first feasible relaxation. (We observe that for location problems with Euclidean distances that relaxation order is r = 2.) The paper ends with some conclusions and an outlook for further research.
Preliminaries
In this section we recall the main definitions and results on the moment problem and semidefinite programming that will be useful for the development through this paper. We use standard notation in the field (see e.g. [20] ).
We denote by R[x] the ring of real polynomials in the variables x = (x 1 , . . . , x n ), and by
the space of polynomials of degree at most d ∈ N (here N denotes the set of nonnegative integers). We also denote by B = {x α : α ∈ N n } a canonical basis of monomials for R [x] , where 
of order d associated with y and g, has its rows and columns indexed by (
Definition 1. Let y = (y α ) ⊂ R be a sequence indexed in the canonical monomial basis B. We say that y has a representing measure supported on a set K ⊆ R n if there is some finite Borel measure µ on K such that
The main assumption that is needed to impose when one wants to assure the convergence of the SDP relaxations for solving polynomial optimization problems (see for instance [19, 20] ) was introduced by Putinar [33] and it is stated as follows.
Putinar's Property. Let {g 1 , . . . , g l } ⊂ R[x] and K := {x ∈ R d : g j (x) ≥ 0, : j = 1, . . . , } a basic closed semialgebraic set. Then, K satisfies Putinar's property if there exists u ∈ R[x] such that:
n is compact, and (2) u = σ 0 + j=1 σ j g j , for some σ 1 , . . . , σ l ∈ Σ [x] . (This expression is usually called a Putinar's representation of u over K).
the subset of polynomials that are sums of squares.
Note that Putinar's property is equivalent to impose that the quadratic polynomial M − n i=1 x 2 i has a Putinar's representation over K.
We observe that Putinar's property implies compactness of K. It is easy to see that Putinar's property holds if either {x : g j (x) ≥ 0} is compact for some j, or all g j are affine and K is compact. Furthermore, Putinar's property is not restrictive at all, since any semialgebraic set K for which is known that
The importance of Putinar's property stems from the following result:
. . , } satisfying Putinar's property. Then:
which is strictly positive on K has a Putinar's representation over K. (Here, the symbol 0 stands for semidefinite positive matrix.)
The following result that appears in [10] and [15] will be also important for the development in the next sections.
Lemma 3. Let K ⊂ R d be compact and let p, q be continuous with q > 0 on K. Let M(K) be the set of finite Borel measures on K and let P(K) ⊂ M(K) be its subset of probability measures on K. Then
3. Minimizing the ordered weighted average of finitely many rational functions
Let K ⊂ R d be a basic semi-algebraic set defined as
n . We assume that K satisfies Putinar's property and that q k > 0 on K, for every k = 1, . . . , m.
Consider the following problem:
Associated with the above problem we introduce an auxiliary problem. For each i = 1, . . . , m, j = 1, . . . , m consider the decision variables w ij that model for each x ∈ K
Now, we consider the problem:
The first set of constraints ensures that for each x, f i (x) is sorted in a unique position. The second set ensures that the j th position is only assigned to one rational function. The next constraints are added to assure that w ij ∈ {0, 1}. The fourth one states that f (1) (x) ≥ · · · ≥ f (m) (x). The last set of constraints ensures the satisfaction of Putinar's property of the new feasible region. (Note that this last set of constraints are redundant but it is convenient to add them for a better description of the feasible set.)
These two problems, (OMRP Proof. Letx be a feasible solution of (OMRP 0 λ ). Then, it clearly satisfies thatx ∈ K. In addition, let σ be the permutation of ( 
Clearly, (x, w) satisfy the constraints in (1-4). Indeed, for any i (2), we observe, w.l.o.g., that for any j there exist i * andî such that σ(j) = i * and σ(j + 1) =î. Hence,:
Moreover,
Conversely, if (x, w) is a feasible solution of (OMRP λ ) then, clearlyx is feasible of (OMRP 0 λ ) and by the above,
Then, we observe that f i = p i /q i for each i = 1, . . . , m. Therefore, the constraint
Let us denote by K the basic closed semi-algebraic set that defines the feasible region of (OMRP λ ). Proof. Since K satisfies Putinar's property, the quadratic polynomial
Obviously, its level set {(x, w) ∈ R n×m 2 : r(x, z) ≥ 0} ⊂ R n+m 2 is compact and moreover, r can be written in the form
. Therefore K satisfies Putinar's property, the desired result. Now, we observe that the objective function of (OMRP λ ) can be written as a quotient of polynomials in R[x, w]. Indeed, take
Then,
Then, we can transform Problem (OMRP λ ) in an infinite dimension linear program on the space of Borel measures defined on K. Proposition 6. Let K ⊂ R n+m 2 be the closed basic semi-algebraic set defined by the constraints (1-4).
Consider the infinite-dimensional optimization problem
Proof. It follows by applying Lemma 3 to the reformulation of (OMRP λ ) with the objective function written using p λ and q λ in (5).
The reader may note the great generality of this class of problems. Depending on the choice of the polynomial weights λ we get different classes of problems. Among then, we emphasize the important instances given by:
(1) λ = (1, 0, . . . , 0, 0) which corresponds to minimize the maximum of a finite number of rational functions,
. . ., 1, 0, . . . , 0) which corresponds to minimize the sum of the k-largest rational functions
. . . , 0) which models the minimization of the (k 1 , k 2 )-trimmed mean of m rational functions,... (4) λ = (1, α, . . . , α) which corresponds to the α-centdian, i.e. minimizing the convex combination of the sum and the maximum of the set of rational functions. (5) λ = (1, . . . , −1) which corresponds to minimize the range of a set of rational functions.
Remark 7. Problem OMRP 0 λ can be easily extended to deal with the minimization of the ordered median function of a finite number of other ordered median of rational functions. The reader may observe that this can be done by performing a similar transformation to the one in (OMRP λ ) and thus lifting the original problem into a higher dimension space.
Some remarkable special cases.
The above general analysis extends the general theory of Lasserre to the case of ordered weighted averages of rational functions. Notice that this approach goes beyond a trivial adaptation of that theory since ordered weighted averages of rational functions are not, in general, neither rational functions nor the supremum of rational functions so that current results cannot be applied to handle these problems. However, one can transform the problem into a new problem embedded in a higher dimension space where it admits a representation that can be cast in the minimization of another rational function in a convenient closed semi-algebraic set. Needless to say that the number of indeterminates increases with respect to the original one. This may become a problem in particular implementations due to the current state of semidefinite solvers.
In some important particular cases that have been extensively been considered in the field of Operations Research the above approach can be further simplified as we will show in the following. One of this cases, the minimization of the maximum of finitely many rational functions, has been already analyzed by Laraki and Lasserre [15] . We will show that the approach in [15] is also a particular case of the analysis that we present in the following.
For the rest of this subsection we will restrict ourselves, for the sake of readability, to the case of scalar (real) lambda weights. We will begin with the case of λ = (1, (k) . . ., 1, 0 . . . , 0), for 1 ≤ k ≤ m. Note that for the case k = 1 we will recover the case analyzed in [15] , the case k = m is trivial since it reduces to minimize the overall sum and the remaining cases are not yet known.
We are interested in finding the minimum of the sum of the k-largest values {f 1 (x), . . . , f m (x)} for all x ∈ K, being a closed basic semi-algebraic set. In other words, for any k, k = 1, . . . , m − 1, we wish to solve the problem:
We observe that for a given x, we have:
Therefore, by duality in linear programming:
Finally, we consider the problem:
Let us denote by K the basic closed semi-algebraic set that defines the feasible region of (kC).
Proof. Since we have assumed K to be compact, for any j = 1, . . . , m, there exist LB j , U B j such that for any x ∈ K,
Let us denote LB = min j=1..m LB j and U B = max j=1..m U B j . Consider an arbitrary k, 1 ≤ k ≤ m − 1 and an arbitrary (but fixed)x ∈ K. Without loss of generality, assume that f m (x) ≥ . . . ≥ f 1 (x). We define the function
Clearly, g is piecewise linear and convex; and it attains its minimum on any point of the interval I k = (f k+1 (x), f k (x)]. Indeed, observe that for any t ∈ I k , the slope of g (i.e. its derivative with respect to t) is null since:
¿From the above, we observe that
It remains to prove that K, the feasible region of problem (kC), satisfies Putinar's condition. First, we observe from the argument above that in order to obtain the minimum value of the function g, for any k = 1, .., m − 1 and any x ∈ K, we only need to consider the range t ∈ (f (m) (x), f (1) (x)]. Hence, the overall range for t can be restricted to LB ≤ t ≤ U B. On the other hand, for any x ∈ K, the constraints 0 ≤ r j ≤ f j (x) − t set the range of the variable r j . Hence
Including the constraints, LB ≤ t ≤ U B, 0 ≤ r j ≤ U B j −LB, ∀ j = 1, . . . , m, in the definition of K does not change the value ofˆ and makes the feasible set compact. Thus, satisfying Putinar's condition. This approach extends also to the more general case of non-increasing monotone lambda-weights, i.e. λ 1 ≥ λ 2 ≥ ... ≥ λ m ≥ λ m+1 := 0 (Note that we define an artificial λ m+1 to be equal to 0). In this case the problem to be solved is:
We observe that for a fixed x ∈ K, we can write the objective function as:
Then, we introduce the problem
Let us denote by K the basic closed semi-algebraic set that defines the feasible region of the Problem (7). Now, based in the previous lemma, it is straightforward to check the following result. Moreover λ =ˆ λ .
Another class of problems that can also be analyzed giving rise to a more compact formulation that the one in the general approach (OMRP λ ) is the trimmed mean problem. A trimmed mean objective appears
This family of problems has attracted a lot of attention in last times in the field of location analysis because of its connections to robust solution concepts. Its rationale rests on the trimmed mean concepts in statistics where the extreme observations (outliers) are removed to compute the central estimates (mean) of a sample. Thus, we are looking for a point x * that minimizes the sum of the central functions, once we have excluded the k 2 smallest and the k 1 largest. Formally, the problem is:
Now, we observe that n−k2 i=k1+1 f (i) (x) = S n−k2 (x) − S k1 (x). Therefore, using the above transformation we have:
Thus, using both reformulations the trim-mean problem results in:
Let us denote by K the basic closed semi-algebraic set that defines the feasible region of (kTr).
Remark 11. We observe that the special formulations for k-centrum (kC) and trim-mean (kTr) are specially suitable for handling these two classes of problems. First of all, we note that if k 1 = 0 the problem reduces to a k 2 -centrum, variables v j are not needed and formulation (kTr) simplifies exactly to (kTr). Second, we point out that both formulations take advantage of the special structure of the considered problems and thus they are simpler than the general formulation (OMRP λ ) applied to these problems. Actually, the number of variables in (kC), for solving the k-centrum problem (resp. (kTr) for solving the trim-mean problem), is m + n + 1 (resp. 2m + d + 1) while the number of variables for the same problem using (OMRP λ ) is m 2 + n. This reduction is remarkable due to the current status of SDP solvers which are not at a professional level. In spite of that, those problems, where no special structure is known or it cannot be exploited, can also be tackled using the general formulation (OMRP λ ) at the price of using larger number of variables.
3.2.
A convergence result of semidefinite relaxations 'à la Lasserre'.
We are now in position to define the hierarchy of semidefinite relaxations for solving the MOMRF problem. Let y = (y α ) be a real sequence indexed in the monomial basis (
. Let p λ (x, w) and q λ (x, w) be defined as in (5) .
Let h 0 (x, w) := p λ (x, w), and denote ξ j := (deg g j )/2 , ν j := (deg h j )/2 and ν j := (deg h j )/2 where {g 1 , . . . , g } are the polynomial constraints that define K and {h 1 , . . . , h m } and {h 1 , . . . , h m } are, respectively, the polynomial constraints (2) and (3) in K \ K, respectively.
Let us denote by I(0) = {1, . . . , n} and I(j) = {(j, k)} k=1,...,m , for all j = 1, . . . , m. With x(I(0)), w(I(j)) we refer, respectively, to the monomials x, w indexed only by subsets of elements in the sets I(0) and I(j), respectively. Then, for g k , with k = 1, . . . , , let M r (y, I(0)) (respectively M r (g k y, I(0))) be the moment (resp. localizing) submatrix obtained from M r (y) (resp. M r (g k y)) retaining only those rows and columns indexed in the canonical basis of R[x(I(0))] (resp. R[x(I(0))]). Analogously, for h j and h j , j = 1, . . . , m, as defined in (2) and (3), respectively, let M r (y, I(0) ∪ I(j) ∪ I(j + 1)) (respectively M r (h j y, I(0) ∪ I(j) ∪ I(j + 1)), M r (h j y, I(0) ∪ I(j) ∪ I(j + 1)) ) be the moment (resp. localizing) submatrix obtained from M r (y) (resp. M r (h j y), M r (h j y)) retaining only those rows and columns indexed in the canonical basis of R[x(I(0)) ∪ w(I(j)) ∪ w(I(j + 1))] (resp. R[x(I(0)) ∪ w(I(j)) ∪ w(I(j + 1))]). 
with optimal value denoted inf Q r (and min Q r if the infimum is attained). 
, w * (j))} be the set of solutions obtained by the condition (8) . Then, every
Proof. The convergence of the semidefinite relaxation (Q r ) was proved by Jibetean and De Klerk [10] for a general rational function over a closed semialgebraic set. Here, we use that result applied to the rational function in (6) . Moreover, the index set of the indeterminates in the feasible set given by constraints (1)-(4) admits the decomposition I(k), k = 0 . . . , m that satisfies the running intersection property (see [17, (1. 3)]) and therefore, the result follows by combining Theorem 3.2 in [17] and the results in [10] .
The above theorem allows us to approximate and solve the original problem MOMRF up to any degree of accuracy by solving block diagonal (sparse) SDP programs which are convex programs for each fixed relaxation order r and that can be solved with available open source solvers as SeDuMi, SDPA, SDPT3 [13] , etc.
Generalized Location Problems with rational objective functions
This sections considers a wide family of continuous location problems that has attracted a lot of attention in the recent literature of location analysis but for which there are not common solution approaches. The challenge is to design a common resolution approach to solve them for different distances and in any finite dimension.
We are given a set A = {a 1 , . . . , a n } ⊂ R d endowed with an τ -norm (here τ stands for the norm
; and a feasible domain K ⊂ R d , closed and semi-algebraic. The goal is to find a point x * ∈ K ⊂ R d minimizing some globalizing function of the distances to the set A. Here, we consider that the globalizing function is rather general and that it is given as a rational function.
Some well-known examples are listed below (see e.g. [1] , [3] , [9] , [21] or [25] ) :
• f (u 1 , . . . , u n ) = n i<j |u i − u j |, absolute deviation or envy problem.
•
, obnoxious facility location.
The main feature and what distinguishes location problem from other general purpose optimization problems, is that the dependence of the decision variables is given throughout the norms to the demand points in A, i.e. x − a i τ . In this section, we consider a generalized version of continuous single facility location problems with rational objective functions over closed semi-algebraic feasible sets.
Let f j (u) := pj (u) qj (u) : R n → R, j = 1, . . . , m be rational functions with q j (u) > 0 for all j. We shall define the dependence of f j to the decision variable x ∈ R d via u = (u 1 , . . . , u n ), where
. . , n. Therefore, the j-th component of the ordered median objective function of our problems reads as:f
. , x − a n τ ).
where:
• K ⊆ R n satisfies Putinar's property, • τ := r s , r, s ∈ N, r ≥ s and gcd(r, s) = 1. This problem does not reduce to the family MOMRF considered above since the dependence on the decision variable x is not given in the form of polynomials. Note that τ -norms are not, in general, polynomials.
To avoid this inconvenience, we introduce the following auxiliary problem.
We note in passing that the above problem simplifies for those cases where r is even. In these cases, we can replace the two sets of constraints, namely (10) and (11) by the simplest constraint
This reformulation reduces by (n × d) the number of constraints defining the feasible set. Moreover, these constraints do not induce semidefinite constraints in the moment approach but linear matrix inequalities which are easier to handle. Following the same scheme of the proof in Theorem 4 we get the following result, whose proof is left to the reader.
Theorem 13. Let x be a feasible solution of (LOCOMRF) then there exists a solution (x, u, v, w) for (9) such that their objective values are equal. Conversely, if (x, u, v, w) is a feasible solution for (9) then there exists a solution (x) for (LOCOMRF) having the same objective value. In particular λ = λ . Moreover, if K ⊂ R d satisfies Putinar's property then K ⊂ R d+m 2 +n(d+2) also satisfies Putinar's property. Now, we can prove a convergence result that allows us to solve, up to any degree of accuracy, the above class of problems. Let y = (y α ) be a real sequence indexed in the monomial basis (
Let h 0 (x, u, v, w) := p λ (x, u, v, w), and denote ξ j := (deg g j )/2 and ν j := (deg h j )/2 , where {g 1 , . . . , g }, and {h 1 , . . . , h 3m+m 2 +2n(d+1)+1 } are, respectively, the polynomial constraints that define K and K \ K in (9) . For r ≥ r 0 := max{ max k=1,...,
ν j }, introduce the hierarchy of semidefinite programs:
Proof. The convergence of the semidefinite relaxation Q r was proved by Jibetean and De Klerk [10] for a general rational function over a closed semialgebraic set. Here, we apply this result applied to the rational function in (6) and therefore, the result follows.
Here, we also observe that one can exploit the block diagonal structure of the problem since there is a sparsity pattern in the variables of formulation (9) . The reader may note that the only monomials that appear in that formulation are of the form x α u β i m j=1 v γj ij for all i = 1, . . . , m. Hence, a result similar to Theorem 14 also holds for the hierarchy (Q r ) of SDP applied to the location problem. Nevertheless, although we have used it in our computational test, we do not give specific details for the sake of presentation and because of the similarity with Theorem 14. Then, the problem consists of
The feasible region of the first SDP relaxation of this problem, which in this case is r = 2, contains 20 moment matrices of size 36 × 36, 160 localizing matrices of size 8 × 8 and 36 equality constraints. The exact optimal solution is given by x = (0.426397, 0.438730, 0.455857) with optimal value f = 8.729976. We get with our approach, using SDPT3 [13] , an optimal solution x * = (0.426397, 0.438730, 0.455857), for the first relaxation of the problem with optimal value f * = 8.729976. Thus, the relative error is
For the same set of points, we consider a modification of the above problem by adding an extra nonconvex constraint:
The exact optimal solution of this problem is x = (0.562304, 0.266296, 0.295262) with optimal value f = 10.109333. The reader may note that the original solutionx is not feasible for the new problem. Using our approach, again for the first relaxation order, we get x * * = (0.562304, 0.266296, 0.295262) with optimal value f * * = 10.109333. Hence, the relative error in this case is =
We show in Figure 1 the feasible region of our problem as well as the demand points and the optimal solutions (the exact and the ones obtained with our relaxed formulations) of the problems. The demand points in A are represented by ' * ', the optimal solution, x * , of the SDP relaxation without the nonconvex constraint by ' ' and the optimal solution, x * * , of the SDP relaxation with the nonconvex constraint is depicted by ' •'. In the following, we will apply this general methodology to get the reformulation of the most standard problems in Location Analysis (see Nickel and Puerto [25] ) that will be later the basis of our computational experiments: minisum (Weber) and minimax (center), k-centrum, (k 1 , k 2 )-trimmed mean and range problems.
4.1. Weber or median problem. In the standard version of the Weber problem, we are given a set of demand points {a 1 , . . . , a n } in R d and a set of non-negative weights ω 1 , . . . , ω n and one looks for a point x * minimizing the weighted Euclidean distance from the demand point. In other words, the problem is:
This problem has been largely studied in the literature of Location Analysis and perhaps its most wellknown algorithm is the so called Weiszfeld algorithm (see [38] ). This problem is a convex one and Weiszfeld algorithm is a gradient type iterative algorithmic scheme for which several convergence results are known.
Here, we observe that this problem corresponds to a very particular choice of the elements in (LOCOMRF): λ = (1, . . . , 1), f i (u) = ω i u and r = 2, s = 1. Furthermore, the general formulation (LOCOMRF) simplifies since there is no actual sorting. Therefore, we can avoid many of our instrumental variables, namely, the problem can be cast into the form:
4.2.
The minimax or center problem. The minimax location problem looks for the location of a server x ∈ R d that minimizes the maximum weighted distance to a given set of demands points {a 1 , . . . , a n } in R d . Formally, the problem can be stated as:
for some weights ω 1 , . . . , ω n ≥ 0. Once more, this problem has been extensively analyzed in the literature of Location Analysis and the most well-known algorithms to solve it are those by Elzinga-Hearn (only valid in R 2 with Euclidean distance) and Dyer [8, 7] and Megiddo [23] which are polynomial in fixed dimension. Again, we observe that this problem corresponds to a very particular choice of the elements in (LOCOMRF): λ = (1, 0, . . . , 0), f i (u) = ω i u and r = 2, s = 1. In this case, the general formulation (LOCOMRF) simplifies and therefore, we can avoid many of our instrumental variables, namely, the problem can be formulated as:
4.3. The k-centrum problem. The k-centrum location problem consists of finding the point x * that minimizes the sum of the k largest distances with respect to a given set of demands points {a 1 , . . . , a n } in R d . Formally, the problem can be stated as:
where
. This problem has been considered in several papers and textbooks (see [25] , [4] ). Currently, there exist few approaches to solve it in the plane (i.e. d = 2) and with the Euclidean norm that do not extend further to higher dimension nor other norms (see [5, 6, 34] ). The objective function of this problem is described by a vector of λ-parameters
Using the result in the reformulation (kC) the problem can be restated as:
-trimmed-mean location problem looks for a point x * that minimizes the sum of the central distances, once we have excluded the k 2 closest and the k 1 furthest. Formally, the problem is:
. This problem has been considered in several papers and textbooks (see [25] , [4] ). Currently, there exists two approaches to solve it in the plane (i.e. d = 2) and with the Euclidean norm that do not extend further to higher dimension nor other norms (see [5, 6] ). The objective function of this problem, in terms of the elements in (LOCOMRF), is described by a vector of λ-parameters λ = ( k1 0, . . . , 0, 1, . . . , 1, k2 0, . . . , 0), f i (u) = u, r = 2, s = 1. Here, we could apply the general formulation derived from (LOCOMRF). Nevertheless, that approach needs many decision variables which affects the sizes of the problems to be handled. Rather than the general formulation, we present here an alternative problem, based on (kTr), which takes advantage of the particular structure of this problem and reduces the number of variables needed for its representation.
We consider the problem:
4.5.
The range problem. The last problem that we address in our computational experiments is the range location problem. This problem consists of minimizing the difference (range) between the maximum and minimum distances with respect to a given set of demands points {a 1 , . . . , a n } in R d (see [5, 6, 25] ). Formally, the problem can be stated as:
This problem corresponds to the following choice of the elements in (LOCOMRF): λ = (1, 0, . . . , 0, −1), f i (u) = u and r = 2, s = 1. A simplified reformulation of the problem reduces to:
Computational Experiments
A series of computational experiments have been performed in order to evaluate the behavior of the proposed methodology. Programs have been coded in MATLAB R2010b and executed in a PC with an Intel Core i7 processor at 2x 2.93 GHz and 8 GB of RAM. The semidefinite programs have been solved by calling SDPT3 4.0 [13] .
We run the algorithm for several well-known continuous location problems: Weber problem, center problem, k-center problem, trimmed-mean problem and range problem. For each of them, we obtain the CPU times for computing solutions as well as the gap with respect to the optimal solution obtained with the battery of functions in optimset of MATLAB or the implementation by [5, 6] .
With regard to computing the accuracy of an obtained solution, we use the following measure for the error (see [37] ): (12) obj = |the optimal value of the SDP − fopt| max{1, fopt} , where fopt is the optimal objective value for the problem obtained with the functions in optimset or the implementation by [5, 6] . We have organized our computational experiments in five different problems types that coincide with those described previously in sections 4.1-4.5. Our test problems are generated to be comparable with previous results of some algorithms in the plane but, in addition, we also consider problems in R 3 . Thus, we report on randomly generated points on the unit square and in the unit cube. Depending on the problem, we have been able to solve different problem sizes. In all problems, we could solve instances with at least 500 points for planar and 3-dimensional problems and with an average accuracy higher than 10 −5 . (We remark that for instance we could solve instances of more than 1000 points for Weber and center problems with high precisions.)
Our goal is to present the results organized per problem type, framework space (R 2 or R 3 ) and relaxation order. We report for Weber problem on the first two relaxations to show that raising relaxation order one gains some extra precision (as expected) at the price of higher CPU times. In spite of that, the considered problems seems to be very well-approximated even with the first relaxation (as shown by our results). For this reason, we only report results for relaxation order r = 2 for the remaining problem types, namely center, k-centrum, range and trim-mean.
The results in our tables, for each size and problem type, are the average of ten runs. In all cases our tables are organized in the same way. Rows give the results for the different number of demand points considered in the problems. Column n stands for the number of points considered in the problem, CPU time is the average running time needed to solve each of the instances, obj gives the error measure (see 12). The final block of 3 columns informs on the sizes of the SDP problems to be solved: #Cols, #Rows and %NonZero represent, respectively, the number of columns, rows and the percentage of nonzero entries of the constraint matrices of the problems to be considered.
We tested problems with up to 500 demands points (except for Weber problem where we considered 1000 demands points) randomly generated in the unit square and the unit cube. We move n between 10 and 500 (or 1000 for Weber problem) and ten instances were generated for each value of n. The first relaxation of the problems was solved in all cases. For the k-centrum problem type we considered three different k values to test the difficulty of problems with respect to that parameter, k = 0.1n , 0.5n , 0.9n (tables 4 and 5). Tables 1-7 show the averages CPU times and gaps obtained. Table 1 summarizes the results of the Weber problems. We remark that problems with up to 1000 demand points on the plane are solved with the first relaxation in few seconds and with accuracy higher than 10 −4 . Raising the relaxation order, we improve accuracy till 10 −6 at the cost of multiplying CPU time by a factor of 8. Table 2 refers to Weber problem in the 3d space. Results are similar although precision is higher when considering the second relaxation order. Table 3 reports the results for the center problem on the plane and the 3d-space. CPU times are slightly larger than for the Weber problem but accuracy are also better specially for sizes up to 100 demand points. Tables 4 and 5 are devoted to show the behavior of our approach for three different k values of the k-centrum problem (Table 4 in R 2 and Table 5 in R 3 ). We observe that for small values of k, i.e. k = 0.1n or 0.5n the k-centrum is slightly harder than for values closer to n. The remaining factors behave similarly to those in Weber or center problems. Table 6 reports the results for the range problem. The behavior of these problems is similar to that of the kcentrum problems both in CPU time and accuracy. Finally, Table 7 summarizes the results for the trimmed-mean problems. These are the harder problems among the five considered problem types. We are able to solve similar sizes with similar accuracies using the first order relaxation. However, CPU times are significantly higher than for the other problem types. These results show that this methodology can be efficiently applied to solve medium to large sized location problems.
¿From our tables we conclude that Weber problem is the simplest one whereas the trimmed-mean problem is the hardest one, as expected. We remark that CPU times increase linearly with the number of points in all problem types. A linear regression between these times and the number of points gives a regression coefficient R-squared (coefficient of determination of the regression) greater than 0.98 for all the problems. Therefore, this shows a linear dependence, up to the tested sizes, between problem sizes and CPU times for solving the corresponding relaxations. Observe that the sizes of the matrices in the SDP relaxations increase exponentially with the number of points. Nevertheless, the percentage of nonzero elements in the constraint matrices decreases very slowly (hyperbolically) when increasing the size (number of points) of the problems.
Conclusions
We develop a unified tool for minimizing weighted ordered averaging of rational functions. This approach goes beyond a trivial adaptation of the general theory of moments-sos since ordered weighted averages of rational functions are not, in general, neither rational functions nor the supremum of rational functions so that current results cannot directly be applied to handle these problems. As an important application we cast a general class of continuous location problems within the minimization of OWA rational functions. We report computational results that show the powerfulness of this methodology to solve medium to large continuous location problems.
This new approach solves a broad class of convex and non convex continuous location problems that, up to date, were only partially solved in the specialized literature. We have tested this methodology with some medium to large size standard ordered median location problems in the plane and in the 3-dimensional space. Our goal was not to compete with previous algorithms since most of them are either problem specific or only applicable for planar problems. However, in all cases we obtained reasonable CPU times and high accuracy results even with first relaxation order. Our good results heavily rely on the fact that we have detected sparsity patterns in these problems reducing considerably the sizes of the SDP object to be considered.
The two main lines for further research in this area would be to increase both the sizes and the classes of problems efficiently solved. These goals may be achieved by improving the efficiency of available SDP solvers and/or by finding alternative formulations that take advantage of new sparsity and symmetry patterns. Table 3 . Computational results for center problem in R 2 and R 3 and first relaxations. Table 4 . Computational results for planar k-centrum problems and first relaxation (r = 2). k = 0.1 n k = 0.5 n k = 0. Table 7 . Computational results for trimmed mean problem with k1 = k2 = 0.20 n in R 2 and R 3 and first relaxation.
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